Let M n be a compact Kähler manifold with almost nonnegative Ricci curvature and nonzero first Betti number. We show that the holomorphic Euler number of M n vanishes, which gives a new obstruction for compact complex manifolds admitting Kähler metrics with almost nonnegative Ricci curvature. A crucial step in the proof is to show a vanishing theorem of Dolbeault-Morse-Novikov cohomology.
Introduction
The main purpose of this paper is to derive a new obstruction for compact complex manifolds admitting Kähler metrics with almost nonnegative Ricci curvature. More precisely, we are going to prove the following theorem. Theorem 1.1. Let M n be a n-dimensional compact Kähler manifold with almost nonnegative Ricci curvature and nonzero first Betti number, then the holomorphic Euler number of M n vanishes.
Given a compact complex manifold M n , its holomorphic Euler number is defined to be (−1) p dimH 0,p (M n , C), where H 0,p (M n , C) is the Dolbeault cohomology group of M n . On the other hand, we say that M n is a Kähler manifold with almost nonnegative Ricci curvature if it admits a sequence of Kähler metrics g i such that
where Ric(g i ) is the Ricci curvature of g i and D(g i ) is the diameter of g i . The assumption in Theorem 1.1 that M n has nonzero first Betti number is necessary as the holomorphic Euler number of complex projective space is one. Theorem 1.1 can be seen as a complex analogue of a theorem of Yamaguchi [13] , which says that a compact Riemannian manifold with almost nonnegative sectional curvature and nonzero first Betti number has vanishing topological Euler number. However, a compact Riemannian manifold with almost nonnegative Ricci curvature may have nonzero topological Euler number, see the example constructed by Anderson in [1] . On the other hand, it has been known that the fundamental group of a compact Riemannian manifold M n of almost nonnegative Ricci curvature is almost nilpotent [8] . Hence a compact Riemannian surface with almost nonnegative Ricci curvature and nonzero first Betti number must be covered by a torus. Then its holomorphic Euler number of M n vanishes. We will only consider high dimensional Kähler manifolds. Example 1. Theorem 1.1 gives a new obstruction for compact complex manifolds admitting Kähler metrics with almost nonnegative Ricci curvature. To see this, let X be a smooth abelian variety of dimension ≥ 3 and M n a smooth hypersurface of X such that its holomorphic normal bundle L is positive. Then by Lefschetz hyperplane theorem, the fundamental group of M n is an infinite abelian group. Moreover, the holomorphic Euler number of M n is nonzero. In fact, by Hirzebruch-Riemann-Roch theorem [2, 7] , the holomorphic Euler number of M n is computed
is the Todd class of the tangent bundle of M n . Let d be the first Chern class of L. As X is an abelian variety, then T d(T X) = 1. Moreover, by properties of Todd class [7] , we have
As L is a positive line bundle, we see that
Hence the holomorphic Euler number of M n is nonzero. Now by Theorem 1.1, M n can not admit Kähler metrics with almost nonnegative Ricci curvature (when fixing the complex structure), which does not follow from previously known results.
Compact Kähler manifolds with almost nonnegative Ricci curvature have been studied in [5, 14] . Under additional assumptions that M n has bounded sectional curvature and other things, it was shown in [14] that M n has finite fundamental group. Moreover, M n is diffeomorphic to a complex manifold X such that the universal covering of X has a decomposition: X = X 1 × · · · × X s , where X i is a Calabi-Yau manifold, or a hyperKähler manifold, or X i satisfies H p,0 (X i , C) = 0, p > 0. If M n has infinite fundamental group, under the stronger assumption that M n has almost nonnegative bisectional curvature and bounded sectional curvature, it was shown in [5] that there is a holomorphic fibration M n → J(M n ), where J(M n ) is the Jacobian of M n , a complex torus of dimension Compared to the work in [5, 14] , we do not assume bounded sectional curvature in our Theorem 1.1.
The main tool in the proof of Theorem 1.1 is Dolbeault-Morse-Novikov cohomology. Let M n be a complex manifold and η a∂- [6, 9, 10, 11] for more information on Dolbeault-Morse-Novikov cohomology.
Proof. Since∂ η is a zero order perturbation of∂, by Atiyah-Singer index theorem, we get
Given Proposition 1.2, Theorem 1.1 easily follows from the next theorem. 
. The idea of the proof of Theorem 1.3 is as follows: let g i be a sequence of Kähler metrics such that
By Hodge theory, for each i we can choose a∂-harmonic form η i with respect to g i in the Dolbeault cohomology class [η]. Let V (g i ) be the volume of (M n , g i ) and dV i the volume form of g i . Define θ i =η i and X i the dual vector field of
We consider the operator ∂ t i θ i : A p,q (M n ) → A p+1,q (M n ) as follows:
whose cohomology group is isomorphic to the Dolbeault-Morse-Novikov cohomology H
To prove Theorem 1.3, applying Hodge decomposition theorem to the operator ∂ t i θ i , it suffices to show that α i = 0 for sufficiently large i, where α i ∈ A p,0 (M n ) satisfying
where ∂ * is the dual of ∂. By Theorem 2.3, we have the following crucial integral inequality:
for some constant C n depending only on n.
Combining 1.1 and 1.2, for sufficiently large i, it can be shown that
Hence α i ≡ 0 for sufficiently large i.
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An integral formula of differential forms
In section we derive an integral formula of differential forms which will be crucial in the proof of Theorem 1.3.
Let u, v be two smooth complex differential forms on a compact Riemannian manifold M n . Let u, v be the inner product between u and v and |u| 2 = u, u . The symmetric square u ⊙ u is defined by
Theorem 2.1. Let M n be a compact Riemannian manifold and X a smooth vector field on M n . Then for any smooth complex differential form u on M n , we have the following integral formula:
where δ is the dual of d and ∇ is the Levi-Civita connection on M n .
Remark 2.2. Theorem 2.1 is a generalization of the integral formula in [4] , where they considered the case X = ∇f for some smooth function f on M n .
Proof. Fix p ∈ M n . Let {e i } be a local orthonormal frame at p and {θ i } be its dual frame. For convenience, assume that {e i } is a normal frame at p ∈ M n , then ∇ e i e j (p) = 0. Then we have the following basic identities.
On the other hand, we have
Then we see that
By Stokes' theorem, we see that
As ∇X, u ⊙ u = i ∇e i X u, i e i u , we get
Now let (M n , g) be a compact Kähler manifold and θ a ∂-closed (1, 0) form on M n . Define the dual vector field X of θ by θ(Y ) = h(X, Y ) := g(X, Y ). Let α ∈ A p,0 (M n ) satisfying
Then we have the following integral inequality which will be crucial in the proof of Theorem 1.3.
Proof. Let * be the Hodge star operator. As X is a (1, 0)-vector field and α a (p, 0) form, we see that i X ∂α ∧ * ᾱ = 0
where ∂ * is the dual of ∂. Then
As ∂α + θ ∧ α = 0, ∂ * α + i X α = 0, we get
Combined with Theorem 2.1, we have
A Poincaré-Sobolev inequality
In this section we recall a Poincaré-Sobolev inequality ( [3] , page 397) which will be used in the proof of Theorem 1.3. Theorem 3.1. Let (M n , g) be a closed smooth Riemannian manifold such that for some constant
where D(g) is the diameter of g, Ric(g) is the Ricci curvature of g and
, where C(b) is the unique positive root of the equation
where V (g) is the volume of (M n , g), S(p, q) = (V (g)/vol(S n (1)) 1/p−1/q RΣ(n, p, q) and Σ(n, p, q) is the Sobolev constant of the canonical unit sphere S n defined by
Let p = 2n n−2 , q = 2 in Theorem 3.1 and apply Theorem 3 and Proposition 6 in [3] pages 395-396, then we get the following mean value inequality. Theorem 3.2. Let n ≥ 3 and (M n , g) be a closed n-dimensional smooth Riemannian manifold such that for some constant b > 0,
If f ∈ W 1,2 (M n ) is a nonnegative continuous function such that f ∆f ≥ −cf 2 (here ∆ is a negative operator) in the sense of districution for some positive number c, then
n−2 , 2) and B n : R + → R + is a function defined by
The function B n satisfies the inequalities
In particular, lim x→0 + Bn(x) = 1 and B n (x) ≤ B n (1)x n for x ≥ 1.
Vanishing of Dolbeault-Morse-Novikov cohomology
In this section we give a proof of Theorem 1.3. We firstly point out a vanishing theorem of Dolbeault-Morse-Novikov cohomology for any compact Kähler manifold.
Proof. By Hodge theory, we can choose a∂-harmonic form η with respect to g in the Dolbeault cohomology class [η] . Suppose that f satisfies ∂f + f η = 0.
Then f η = 0 and ∂f = 0. As M n is compact, it follows that f is a constant. Since η = 0, we see that f = 0. Now we prove Theorem 1.3 in the case p > 0. Let g i be a sequence of Kähler metrics such that
By Hodge theory, for each i we can choose a∂-harmonic form η i with respect to g i in the Dolbeault cohomology class [η]. Let V (g i ) be the volume of (M n , g i ) and dV i the volume form of g i . Define θ i =η i and X i the dual vector field of θ i such that
As discussed in the introduction, it suffices to show that α i ≡ 0 for sufficiently large i.
where ∆ is the Laplacian acting on functions which is a negative operator. Then
Let div(X i ) be the divergence of X i with respect to g i . As θ i is a harmonic one form, we see div(X i ) = 0 (see e.g. Proposition 31 in [12] page 206). By Theorem 2.3, we have
for some constant C n depending only on n. Applying Hölder's inequality on 4.3 and using 4.2, we get
where
Lemma 4.2. 6) where
), σ n , B n (x) are defined in Theorem 3.1 and Theorem 3.2 and C n is a positive constant depending only on n.
Proof. Since θ i is a harmonic one form, divX i = 0. As Ric(g i ) ≥ − n−1 i , applying Bochner formula to X i , we get
where ∆ is the Laplacian acting on functions which is a negative operator. On the other hand, by Kato's inequality [3] , we have |∇X i | ≥ |∇|X i ||. It follows that
Applying Theorem 3.2 to |X i |, we get
. Applying the Bochner formula to α i [2], we get
There are two essential points in the above formula 4.10: Firstly, as M n is a Kähler manifold, then we have ∆∂ = ∆ ∂ , where ∆∂ =∂∂ * +∂ * ∂ , ∆ ∂ = ∂∂ * + ∂ * ∂. This important fact guarantees that the second term in right hand side of 4.10 is 2(|∂α i | 2 + |∂ * α i | 2 ). Secondly, it is crucial that for a (p, 0) form
for sufficiently large i.
Hence we get
By Kato's inequality, we have |∇α i | ≥ |∇|α i ||. It follows that
Applying Theorem 3.2 to |α i |, we get
Lemma 4.3.
(4.13) for some constant C n depending only n.
. By Theorem 3.1 in the case p = q = 2, we get bC(b) ≥ a n > 0 (4.14)
It follows that
for some constant a n depending only on n. 
